The search for classical or quantum combinatorial invariants of compact ndimensional manifolds (n = 3, 4) plays a key role both in topological field theories and in lattice quantum gravity (see e.g.
to denote a particular triangulation of the closed n-dimensional P L-manifold M.
In order to extend the previous notation to the case of a P L-pair (M, ∂M) of dimension n, recall that a simplicial complex is pure provided that all its facets (namely its faces of maximal dimension) have the same dimension. Moreover, the boundary complex of a pure simplicial n-complex T is denoted by ∂T and it is the subcomplex of T the facets of which are the (n − 1)-faces of T which are contained in only one facet of T . The set of the interior faces of T is denoted by int(T ) . = T \ ∂T . Then:
denotes a triangulation on (M, ∂M), where ∂T is the unique triangulation induced on the (n − 1)-dimensional boundary P L-manifold ∂M by the chosen triangulation T in M.
Following [C-C-M] , the connection between a recoupling scheme of SU(2) angular momenta and the combinatorial structure of a compact, 3-dimensional simplicial pair (M 3 , ∂M 3 ) can be established by considering colored triangulations which allow to specialize the map (2) according to:
This map represents a triangulation associated with an admissible assignement of both spin variables to the collection of the edges in (T 3 , ∂T 3 ) and of momentum projections to the subset of edges lying in ∂T 3 . The collective variable j ≡ {j A }, A = 1, 2, . . . , N 1 , denotes all the spin variables, n ′ 1 of which are associated with the edges in the boundary (for each A: j A = 0, 1/2, 1, 3/2, . . . inh units). Notice that the last subset is labelled both by j ′ ≡ {j ′ C }, C = 1, 2, . . . , n ′ 1 , and by m ≡ {m C }, where m C is the projection of j ′ C along the fixed reference axis (of course, for each m, −j ≤ m ≤ j in integer steps). The consistency in the assignement of the j, j ′ , m variables is ensured if we require that:
• each 3-simplex σ 3 B , (B = 1, 2, . . . , N 3 ), in (T 3 , ∂T 3 ) must be associated, apart from a phase factor, with a 6j symbol of SU(2), namely
• each 2-simplex σ 2 D , D = 1, 2, . . . , n ′ 2 in ∂T 3 must be associated with a Wigner 3jm symbol of SU(2) according to
Then the following state sum can be defined:
where:
N 0 , N 1 , N 3 denote respectively the total number of vertices, edges and tetrahedra in (T 3 (j), ∂T 3 (j ′ , m)), while n ′ 2 is the number of 2-simplices lying in ∂T 3 (j ′ , m). Notice that there appears a factor Λ(L)
3 /3C, C an arbitrary constant. It is worthwile to remark also that products of 6j and 3jm coefficients of the kind which appear in (7) are known as jm coefficients in the quantum theory of angular momentum (see e.g [Y-L-V]). Their semiclassical limit can be defined in a consistent way by requiring that simultaneously j, j ′ → ∞ and m → ∞ with the constraint −j ′ ≤ m ≤ j ′ . The summation in (6) has precisely this meaning , apart from the introduction of the cut-off L. The state sum given in (6) and (7) when ∂M 3 = ∅ reduces to the usual PonzanoRegge partition function for the closed manifold M 3 (see [P-R] ); in such a case, it can be rewritten here as:
where the sum is extended to all assignements of spin variables such that each of them is not greater than the cut-off L, and each term under the sum is given by:
B=1
(−1) 6 p=1 jp j 1 j 2 j 3 j 4 j 5 j 6 B (9) As is well known, the above state sum gives the semiclassical partition function of Euclidean gravity with an action discretized according to Regge's prescription [R] .
The state sum given in (8) and (9) is formally invariant under a set of topological transformations performed on 3-simplices in T 3 (j): following Pachner [P87] , they are commonly known as bistellar elementary operations or bistellar moves. It is a classical result (see e.g. [P-R] and [C-F-S] ) that such moves can be expressed algebraically in terms of the Biedenharn-Elliott identity (representing the moves (2 tetrahedra) ↔ (3 tetrahedra)) and of both the B-E identity and the orthogonality conditions (which represent the moves (1 tetrahedron) ↔ (4 tetrahedra)). The expression of the Biedenharn-Elliott identity reads:
where now a, b, c, . . . denote angular momentum variables, (2X + 1) is the dimension of the irreducible representation of SU(2) labelled by X, and Θ = a + b + c + d + e + f + p + q + r. The orthogonality conditions amount to:
where the notation {ade} stands for the triangular delta (viz., {ade} is equal to 1 if its three arguments satisfy triangular inequalities, and is zero otherwise) and δ ef ≡ δ(e, f ). The invariance under bistellar moves is related to the P L-equivalence class of the manifold involved. Indeed, Pachner proved in [P87] that two closed n-dimensional P L-manifolds are P L-homeomorphic if, and only if, their underlying triangulations are related to each other by a finite sequence of bistellar moves. Thus, in particular, the state sum (8) is an invariant of the P L-structure of M 3 . Turning now to the case with boundary, we notice that (7) is manifestely invariant under bistellar moves which involve 3-simplices in int(T 3 ) (this is consistent with the remark that (6) reduces to (8) when ∂M 3 = ∅). In the non trivial case ∂M 3 = ∅ new types of topological transformations have to be taken into account. Indeed Pachner introduced moves which are suitable in the case of compact n-dimensional P Lmanifolds with a non-empty boundary, the elementary shellings (see [P90] ). As the term "elementary shelling" suggests, this kind of operation involves the cancellation of one n-simplex (facet) at a time in a given triangulation (T, ∂T ) → (M, ∂M) of a compact P L-pair of dimension n. In order to be deleted, the facet must have some of its faces lying in the boundary ∂T . It is possible to classify these moves according to the dimension of the components of the facet in ∂T , and it turns out that there are just n different types of elementary shellings in dimension n. Moreover, for each elementary shelling there exists an inverse move which corresponds to the attachment of a new facet to a suitable component in ∂T .
In [C-C-M] 
where Latin letters a, b, c, r, p, q, . . . denote angular momentum variables, Greek letters α, β, γ, ρ, ψ, κ, . . . are the corresponding momentum projections and Φ ≡ a + b + c + r + p + q. The topological content of the above identity is the following: on the left-hand side there appears a tetrahedron, two faces of which (lying in ∂T 3 ) share the edge labelled by c and its projection γ; the summation over c, γ provide, on the right-hand side, the appearance of the other two faces which survive after the shelling. The inverse move, namely the attachment of a new facet to a pair of triangles in ∂T 3 , is obtained by reading the same identity backward. Notice that the complete set of the identities can be actually derived (up to suitable regularization factors) only from (12) and from both the orthogonality conditions for the 6j's (given in (11)) and the completeness conditions for the 3jm symbols which read:
The recognition of the identities representing the elementary shellings and their inverse moves, together with a comparison with the expression given in (7), allow us to conclude that the state sum Z[(M 3 , ∂M 3 )] is formally invariant both under (a finite number of) bistellar moves in the interior of (M 3 , ∂M 3 ) and under (a finite number of) elementary boundary operations, namely shellings and inverse shellings. For what concerns P L-equivalence, we can exploit another result proved by Pachner in [P90] which states that if (T 1 , ∂T 1 ) → (M 1 , ∂M 1 ) and (T 2 , ∂T 2 ) → (M 2 , ∂M 2 ) are triangulations of P L, compact n-dimensional pairs, then
, where the equivalence ≈ sh,bst is both under elementary shellings and under bistellar elementary operations on n-simplices in int(T 1 ) or int(T 2 ). Thus (6) turns out to be an invariant of the P L-structure (actually it is a topological invariant, since we are dealing with 3-dimensional P L-manifolds). As already stressed before, the complete set of elementary shellings can be derived from a single identity, namely (12), together with the conditions (11) and (13) on the symbols. The structure of such identity strongly rensembles the Biedenharn-Elliott identity (10), both for what concerns the number of symbols involved and owing to the presence of a single sum over a j-variable. Recall also that the complete set of bistellar moves is actually derived from the B-E identity + (orthogonality conditions for the 6j), apart from regularization. This similarity in the algebraic structure of the topological invariance in the two cases (closed and with boundary) is quite remarkable. However, our previous analysis gives rise to other possible developments, in particular for what concerns the search for state sum models of the same kind in dimension different from three. As we have already noticed, the different types of elementary shellings acting on a simplicial n-dimensional pair (T, ∂T ) amount exactly to n, while the number of bistellar moves in the interior of (T, ∂T ) (or in T itself if it is closed) is (n + 1). Moreover, the central projection of each elementary shelling onto ∂T gives a particular bistellar move in dimension (n − 1) (being ∂T a triangulation of a closed (n − 1)-dimensional manifold). It is also easy to check that the same kind of projection of the complete set of boundary operations reproduces the complete set of bistellar moves in the lower dimensional case. Starting from these remarks, we show in the following how a consistent 2-dimensional state sum invariant arises as projection of the invariant given in (6) and (7).
Since the structure of a local arrangement of 2-simplices in the state sum (7) is naturally encoded in (12), it turns out that a state sum for a 2-dimensional closed triangulation T 2 (j; m, m ′ ) → M 2 can be defined by associating with each 2-simplex σ 2 ∈ T 2 the following product of two 3jm symbols (a double 3jm symbol for short):
where {m s } and {m 
where N 0 , N 1 , N 2 are the numbers of vertices, edges and triangles in T 2 , respectively. Summing over all of the admissible assignements of {j; m, m ′ } we get:
where the regularization is carried out according to the usual prescription. In order to address the invariance of (15) we may start from a configuration representing two triangles glued together along a common edge q with momentum projections κ, κ ′ ; taking into account (12) and (11) we get
The geometrical meaning of the above identity should be clear: it represents the so called flip in dimension 2, namely the bistellar move (2 → 2) involving a pair of triangles. In order to obtain the remaining bistellar moves, we start from a configuration of three triangles glued along their edges q, r, p in such a way that they share a common vertex. Using again (12), (11) and (13) we find:
q,r,p (2q + 1)(2r + 1)(2p + 1) (−1)
This identity represents the barycentric subdivision (and its inverse operation) of a triangle of edges a, b, c, namely the bistellar moves denoted by (1 ↔ 3). As a matter of fact, the state sum given in (15) and (16) is formally invariant under (a finite number of) topological operations represented by (17) and (18). Thus, again from Pacner's theorem proved in [P87] , we conclude that it is a P L-invariant (a topological invariant indeed).
The procedure oulined above for the 3-dimensional model can be further generalized to the case of the quantum enveloping algebra U q (sl(2, C)), for q a root of unity. The corresponding quantum invariant Z q [M 3 , ∂M 3 ] is the counterpart of the Turaev-Viro invariant for a closed 3-dimensional P L-manifold M 3 (see [T-V] ) and details on its derivation can be found in [C-C-M] . The same remark holds true for the 2-dimensional closed model as well. Moreover, this extension provide us with a finite topological invariant, which will be easily evaluated and will turn out to be obviously related to the Euler characteristic of the closed suface. Without entering into technicalities, the quantum state sum which replaces (15) will contain the q-analog of the double Wigner 3jm symbols (14) (with a suitable choice of normalization), while the spin variables j's take their values in a finite set I = (0, 1/2, 1, . . . , k) where
(K a commutative ring with unity). Notice also that the notation [.] q stands for a q-integer, namely [n] q = (q n − q −n )/(q − q −1 ) and that, for each admissible triple (j, k, l), we have: w for a given triangulation can be easily evaluated, and it turns out that the associated quantum invariant amounts to:
where χ(M 2 ) is the Euler characteristic of the manifold M 2 . The above result shows that the 2-dimensional closed model derived from our 3-dimensional model with a non empty boundary is not trivial, we actually recover the only topological invariant which is significant for a closed surface. Following the same line of reasoning which gives rise to the closed 2-dimensional model, we are currently addressing the analysis of the structure of the projected counterpart of the algebraic identities representing topological moves in dimension four. We think that the approach oulined in this talk could provide us with a hierarchy of models (with and without boundary) from dimension four to dimension two.
